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TRIPLES OF SINGULAR MODULI WITH RATIONAL PRODUCT
GUY FOWLER
Abstract. We establish explicit bounds on triples (x1, x2, x3) of singular
moduli satisfying x1x2x3 ∈ Q∗. This extends to three dimensions a result
due to Bilu, Luca, and Pizarro-Madariaga in two dimensions.
1. Introduction
A singular modulus is the j-invariant of an elliptic curve over C with complex
multiplication. Singular moduli arise precisely as those numbers of the form x =
j(τ), where τ ∈ H is such that [Q(τ) : Q] = 2. Here H denotes the complex upper
half plane and j : H→ C is the modular j-function.
We prove an explicit bound on the discriminants of triples (x1, x2, x3) of distinct
singular moduli with (non-zero) rational product. (Note that since 0 = j(epii/3) is
a singular modulus, we must exclude the case of triples with product 0 in order to
obtain any kind of finiteness result.) Since singular moduli are algebraic integers, if
x1x2x3 ∈ Q, then in fact x1x2x3 ∈ Z. This fact though plays no part in our proof.
Theorem 1.1. There exists an explicit constant C > 0 such that, for every tuple
(x1, x2, x3) of pairwise distinct singular moduli such that x1x2x3 ∈ Q∗, one has
|∆(xi)| ≤ C for i = 1, 2, 3. In fact, C = 111763.
Here ∆(xi) is the discriminant of the singular modulus xi; see Subsection 2.1
for the definition of the discriminant. We note that both the height (see [Rif19,
Lemma 2.10]) and the degree (see [Pau16, Proposition 2.2]) of a singular modulus
may be effectively bounded in terms of its discriminant. Theorem 1.1 thus also
implies explicit bounds on the heights and degrees of all triples of singular moduli
with rational product.
When x1, x2, x3 are not pairwise distinct, then the triples with product in Q
∗
are covered effectively in [Rif19]. Riffaut’s Theorem 1.6 classifies singular moduli
satisfying equations xm1 x
n
2 = q ∈ Q∗ with m,n ∈ Z\{0}. Combining Riffaut’s result
with our Theorem 1.1 one therefore obtains effective bounds on all (not necessarily
pairwise distinct) triples of singular moduli with product in Q∗.
Theorem 1.1 thus establishes a three dimensional analogue of the result of Bilu,
Luca, and Pizarro-Madariaga [BLPM16], who classify completely all pairs of sin-
gular moduli with product in Q∗. The key ingredient we use to extend their work
to three dimensions is a theorem of Faye and Riffaut [FR18] on the fields generated
by products of pairs of singular moduli. Using this result, we will show that if
x1x2x3 = q ∈ Q∗ for singular moduli xi with discriminants ∆i, then the possible
degrees and discriminants of the xi can be reduced to a few cases. In these cases,
one may then obtain upper and lower bounds for |q| which are incompatible for
(effectively) large |∆i|.
The plan of this short paper is as follows: Section 2 contains the facts about
singular moduli that we need for the proof of Theorem 1.1, which takes place in
Section 3.
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2. Background
2.1. Facts about singular moduli. We collect here those results about singular
moduli which we will use in the sequel. For background on singular moduli, see for
example [Cox89].
Let x be a singular modulus, so that x = j(τ) where τ ∈ H is quadratic. Then
Kx = Q(τ) is an imaginary quadratic field, and one may write Kx = Q(
√
d) for
some square-free integer d < 0. The singular modulus x is the j-invariant of the
CM elliptic curve Eτ = C/〈1, τ〉, which has endomorphism ring O = End(Eτ ) ) Z.
Here O is an order in the imaginary quadratic field Kx.
One associates to x its discriminant ∆x, which is the discriminant of the order
O = End(Eτ ). One has that ∆x = f2xDx, where Dx is the discriminant of the
number field Kx (the fundamental discriminant) and fx = [OKx : O] is the con-
ductor of the order O (here OKx is the ring of integers of Kx). One also has that
∆x = b
2− 4ac, where a, b, c ∈ Z are such that aτ2 + bτ + c = 0 and gcd(a, b, c) = 1.
Two singular moduli x, y are conjugate over Q if and only if ∆x = ∆y. The
singular moduli of a given discriminant ∆ form a full Galois orbit over Q, and
one has that [Q(x) : Q] = h(∆x), where h(∆x) is the class number of the order
O. The Galois group of Q(x) acts sharply transitively on the singular moduli of
discriminant ∆x.
The singular moduli of a given discriminant ∆ may be explicitly described in the
following way [BLPM16, Proposition 2.5]. Write T∆ for the set of triples (a, b, c) ∈
Z3 such that: gcd(a, b, c) = 1, ∆ = b2 − 4ac, and either −a < b ≤ a < c or
0 ≤ b ≤ a = c. Then there is a bijection between T∆ and the singular moduli of
discriminant ∆, given by (a, b, c) 7→ j((b+
√
∆)/2a). For a singular modulus x, one
thus has that |T∆x | = [Q(x) : Q] = h(∆x). We have the following useful result.
Lemma 2.1. For a given discriminant ∆, there is a unique “dominant” singular
modulus, corresponding to a triple in T∆ with a = 1, and at most two “subdominant”
singular moduli, corresponding to triples with a = 2. There are also at most three
“subsubdominant” singular moduli corresponding to triples with a = 3.
Proof. The first two claims are Proposition 2.6 of [BLPM16]. We show the last
claim. Suppose a = 3. Since ∆ = b2 − 4ac, choosing a, b determines c. If −a <
b ≤ a < c, then b ∈ {−2,−1, 0, 1, 2, 3}. Suppose b1 is such a b and write c1 for
the corresponding value of c. Suppose b2 is another such b and write c2 for the
corresponding value of c. Then since ∆ = b21 − 12c1 = b22 − 12c2, one has that
b21 − b22 ≡ 0 mod 12. Therefore, it must be that b1 = ±b2. There are thus at most
two distinct tuples (a, b, c) with a = 3 and −a < b ≤ a < c. Now suppose that
0 ≤ b ≤ a = c. Then since a = c = 3, one has that ∆ = b2 − 36 and b ∈ {0, 1, 2, 3}.
There is then at most one such b in this case. Thus there are at most three tuples
(a, b, c) with a = 3. 
The j-function has a Fourier expansion j(z) =
∑∞
n=−1 cnq
n in terms of the nome
q = e2piiz . The coefficients c(n) have many remarkable properties; in particular,
c(n) ∈ Z for all n. The function j is bijective when restricted to a fundamental
domain F for the action of SL2(Z) on H. Throughout we fix F to be the standard
fundamental domain given by{
z ∈ H : |z| ≥ 1,−1
2
< Re(z) ≤ 1
2
, and |z| > 1 for − 1
2
< Re(z) < 0
}
.
Observe that (b +
√
∆)/2a ∈ F for every (a, b, c) ∈ T∆. From the q-expansion one
sees also that the function j(z) is real when restricted to the boundary of F and
the imaginary axis. In particular, any dominant singular modulus is real.
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We now state some upper and lower bounds for singular moduli. It is a further
consequence of the q-expansion that for a singular modulus x, corresponding to a
triple (a, b, c) ∈ T∆x , we have ([FR18, §2]):
epi|∆x|
1/2/a − 2079 ≤ |x| ≤ epi|∆x|1/2/a + 2079.
Applying this bound with a = 2, a = 3, a = 4 respectively, we deduce upper bounds
for the absolute values of singular moduli of discriminant ∆x which are respectively:
not dominant; neither dominant nor subdominant; and neither dominant, subdom-
inant, nor subsubdominant. For a dominant singular modulus x with |∆x| ≥ 23,
one obtains also that |x| ≥ 0.9994epi|∆x|1/2 , see [BLPM16, (11)].
For every non-zero singular modulus x, we also have ([BLPM16, (12)]) the lower
bound
|x| ≥ min{4.4× 10−5, 3500|∆x|−3}.
These bounds will be used without special reference in Section 3.
2.2. Fields generated by singular moduli. Our proof of Theorem 1.1 will rely
on a pair of results about the fields generated by singular moduli. The first of these
is proved in [ABPM15] as Corollary 4.2 and Proposition 4.3.
Lemma 2.2. Let x1 = j(τ1), x2 = j(τ2) be singular moduli with discriminants
∆1,∆2 respectively. Suppose that Q(x1) = Q(x2), and denote this field L. Then
h(∆1) = h(∆2). Writing h = h(∆1) = h(∆2), we have that:
(1) If Q(τ1) 6= Q(τ2), then the possible fields L are listed in [ABPM15, Ta-
ble 4.2]. In particular, h ≤ 8 and |∆1|, |∆2| ≤ 960.
(2) If Q(τ1) = Q(τ2), then either: h = 1, L = Q, and∆1,∆2 ∈ {−3,−12,−27};
or: ∆1/∆2 ∈ {1, 4, 1/4}.
The second result we use is on the fields generated by products of pairs of singular
moduli, and establishes that such a field is “close to” the field generated by the
pair of singular moduli. This result is due to Faye and Riffaut [FR18].
Lemma 2.3 ([FR18, Theorem 1.3]). Let x1, x2 be distinct singular moduli of dis-
criminants ∆1,∆2 respectively. Then Q(x1x2) = Q(x1, x2) unless ∆1 = ∆2, in
which case [Q(x1, x2) : Q(x1x2)] ≤ 2.
2.3. Discriminants of small class number. In the proof of Theorem 1.1, we will
use several times the fact that, for a given k, the list of possible (non-fundamental)
discriminants ∆ with class number h(∆) = k may be computed. Such a computa-
tion is implemented with the Sage function
sage.schemes.elliptic curves.cm.discriminants with bounded class number
written by Bradshaw, Cremona, and Stein [SD20]. The running time of this function
is slow, but we only need the outputs for k ≤ 24. Indeed, for our purposes the
tabulated values of the maximum |∆| for each possible class number k ≤ 100
computed by Cremona and collected in [Kla12, p. 19] suffice. In particular, those
of their bounds we make use of in Section 3 are contained in the following table.
k Maximum value of |∆| with h(∆) ≤ k
1 163
4 1555
5 2683
8 7987
9 10627
12 19723
24 111763
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3. Proof of Theorem 1.1
We now turn to the proof of Theorem 1.1. Suppose x1, x2, x3 are pairwise dis-
tinct singular moduli such that x1x2x3 = q ∈ Q∗. Write ∆i for their respective
discriminants and hi for the corresponding class numbers h(∆i). Without loss of
generality, assume that h1 ≥ h2 ≥ h3.
Clearly we have that Q(x1) = Q(x2x3). Thus, by Lemma 2.3, we have that
[Q(x1) : Q] = [Q(x2x3) : Q] =
{
either [Q(x2, x3) : Q],
or 1
2
[Q(x2, x3) : Q].
Noting that h2 = [Q(x2) : Q] and h3 = [Q(x3) : Q] each divide [Q(x2, x3) : Q],
we must have that h2, h3 | 2[Q(x1) : Q]. Hence h2, h3 | 2h1. Symmetrically we
have also that h1, h2 | 2h3 and h1, h3 | 2h2. Then, since h1 ≥ h2 ≥ h3, one of the
following must hold: either h1 = h2 = h3, or h1 = h2 = 2h3, or h1 = 2h2 = 2h3.
We consider each of these cases in turn.
3.1. The case h1 = h2 = h3. Write h = h1 = h2 = h3. We split this situation into
subcases, depending as to whether the ∆i are equal.
3.1.1. The subcase ∆1 = ∆2 = ∆3. Write ∆ for this shared discriminant. The xi
are thus all singular moduli of discriminant ∆ and hence are all conjugate. Taking
conjugates as necessary, we may assume that x1 is dominant. By the bounds in
Subsection 2.1, one has the lower bound for |q| given by
|q| ≥ (0.9994epi|∆|1/2)(min{4.4× 10−5, 3500|∆|−3})2.
We now establish an upper bound for |q|, incompatible with this lower bound
for suitably large |∆|. Let σ1, . . . , σh be the automorphisms of Q(x1). Then
σi(x1, x2, x3) = (x
′
1, x
′
2, x
′
3), where x
′
1, x
′
2, x
′
3 are themselves singular moduli of dis-
criminant ∆, since these singular moduli form a complete Galois orbit over Q.
Further, if σi(xk) = σj(xk), then i = j since the action is sharply transitive. Thus
each singular moduli of discriminant ∆ occurs at most once among the σi(xk) for
i = 1, . . . , h.
Call a tuple (x′1, x
′
2, x
′
3) = σi(x1, x2, x3) “good” if x
′
1, x
′
2 are neither dominant
nor subdominant and x′3 is neither dominant, subdominant, nor subsubdominant.
By Lemma 2.1, at most 3 such tuples have x′1 dominant or subdominant, at most
3 such tuples have x′2 dominant or subdominant, and at most 6 such tuples have
x′3 dominant, subdominant, or subsubdominant. Therefore all but at most 12 such
tuples are good. Since there are h such distinct tuples, provided h > 12 such a
good tuple exists. Taking this good tuple, we obtain, for h > 12, the upper bound
|q| ≤ (epi|∆|1/2/3 + 2079)(epi|∆|1/2/3 + 2079)(epi|∆|1/2/4 + 2079).
This is incompatible with our lower bound for all |∆| > 4125. The possible dis-
criminants ∆ with class number h(∆) ≤ 12 all have |∆| ≤ 19723. This completes
the proof of this case.
3.1.2. The subcase where the ∆i are not all equal. Without loss of generality assume
that |∆1| > |∆2|. Then Q(x3) = Q(x1x2) = Q(x1, x2), where the last equality holds
by Lemma 2.3 since ∆1 6= ∆2. Thus Q(x1),Q(x2) ⊂ Q(x3). Since h1 = h2 = h3,
these inclusions are in fact equalities. Thus Q(x1) = Q(x2) = Q(x3).
Write xi = j(τi) for some τi ∈ H. Suppose first that Q(τi) 6= Q(τj) for some
i, j. Then by (1) of Lemma 2.2, we have |∆i|, |∆j | ≤ 960 and h ≤ 8. The list
of discriminants with class number ≤ 8 is known effectively, and in particular the
remaining discriminant ∆k has |∆k| ≤ 7987.
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So we reduce to the situation where Q(τ1) = Q(τ2) = Q(τ3). Then by (2) of
Lemma 2.2 either h = 1 or, for every i, j, we have that ∆i/∆j ∈ {1, 4, 1/4}. If
h = 1, then every |∆i| ≤ 163 and we are done. So assume that we are in the second
case. Write ∆ = ∆2. Then we must have that ∆1 = 4∆2 = 4∆ and either ∆3 = ∆
or ∆3 = 4∆ = ∆1. Taking conjugates, assume that x1 is dominant. Then by the
bounds in Subsection 2.1 we have the lower bound
|q| ≥(0.9994epi|∆1|1/2)(min{4.4× 10−5, 3500|∆2|−3})
(min{4.4× 10−5, 3500|∆3|−3}),
≥(0.9994e2pi|∆|1/2)(min{4.4× 10−5, 3500|∆|−3})
(min{4.4× 10−5, 3500× 4−3|∆|−3}).
Since Q(x1) = Q(x2) = Q(x3), the Galois orbit of (x1, x2, x3) has exactly h
elements. Each conjugate of xi occurs exactly once as the ith coordinate of a
conjugate (x′1, x
′
2, x
′
3) of (x1, x2, x3). Suppose first that ∆3 = ∆. Call a conjugate
triple (x′1, x
′
2, x
′
3) “good” if: x
′
1 is not dominant; x
′
2, x
′
3 are not dominant; and x
′
2, x
′
3
are not both subdominant. By Lemma 2.1 there is at most one dominant singular
modulus of a given discriminant and at most two subdominant singular moduli of a
given discriminant. Thus there are at most five conjugates (x′1, x
′
2, x
′
3) which are not
good. Since the total number of conjugates is h, provided h ≥ 6 a good conjugate
exists. If h < 6, then the possible ∆i are already known effectively and indeed
|∆i| ≤ 2683 for all i. So assume h ≥ 6 and let (x′1, x′2, x′3) be a good conjugate.
Then
|q| ≤ (epi|∆|1/2 + 2079)(epi|∆|1/2/2 + 2079)(epi|∆|1/2/3 + 2079).
This is incompatible with the above lower bound for |q| when |∆| > 5781, and
hence we may conclude that |∆i| ≤ 4× 5781 for all i.
So we may suppose now that ∆3 = ∆1. In this case, we call a conjugate
(x′1, x
′
2, x
′
3) good if x
′
1, x
′
2, x
′
3 are neither dominant nor subdominant. By Lemma 2.1
there is at most one dominant singular modulus of a given discriminant and at
most two subdominant singular moduli of a given discriminant. Thus there are at
most nine conjugates (x′1, x
′
2, x
′
3) which are not good. So assume h ≥ 10 and let
(x′1, x
′
2, x
′
3) be a good conjugate. Then we have the bound
|q| ≤ (e2pi|∆|1/2/3 + 2079)(epi|∆|1/2/3 + 2079)(e2pi|∆|1/2/3 + 2079).
This is incompatible with the existing lower bound when |∆| > 651, and hence we
must have that |∆i| ≤ 4× 651 for every i. If h < 10, then every |∆i| ≤ 10627. This
completes the proof of the case h1 = h2 = h3.
3.2. The case h1 = h2 = 2h3. Since h3 6= h1, h2, we have that ∆3 6= ∆1,∆2.
Then Q(x2) = Q(x1x3) = Q(x1, x3), where the last equality holds by Lemma 2.3
since ∆1 6= ∆3. Hence, Q(x1) ⊂ Q(x2). Since h1 = h2, this is in fact an equality
Q(x1) = Q(x2).
Write xi = j(τi) for some τi ∈ H. Suppose first that Q(τ1) 6= Q(τ2). Then by
(1) of Lemma 2.2, we have that |∆1|, |∆2| ≤ 960 and h1 = h2 ≤ 8. Thus h3 ≤ 4
and so |∆3| ≤ 1555.
So we may suppose that Q(τ1) = Q(τ2). If ∆1 6= ∆2, then, by Lemma 2.3,
Q(x3) = Q(x1x2) = Q(x1, x2) ⊃ Q(x1), and hence h1 ≤ h3, a contradiction since
h1 = 2h3 > h3. So we must have that ∆1 = ∆2. Write ∆ = max{|∆1|, |∆2|, |∆3|}.
Taking conjugates as necessary, we may assume that xi is dominant, where ∆ =
|∆i|. Then by the bounds in Subsection 2.1
|q| ≥ (0.9994epi∆1/2)(min{4.4× 10−5, 3500∆−3})2.
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Write h = h1 = h2. SinceQ(x1) = Q(x2) ⊃ Q(x3), there are exactly h conjugates
(x′1, x
′
2, x
′
3) of (x1, x2, x3). Each conjugate of x1, x2 occurs exactly once as the
coordinate x′1, x
′
2 respectively of a conjugate (x
′
1, x
′
2, x
′
3). Further, each conjugate
x′3 of x3 appears at least once among the conjugates (x
′
1, x
′
2, x
′
3).
Call a conjugate (x′1, x
′
2, x
′
3) “good” if: x
′
1, x
′
2 are neither dominant nor sub-
dominant, and x′3 is neither dominant, subdominant, nor subsubdominant. By
Lemma 2.1, there are at most 6 conjugates (x′1, x
′
2, x
′
3) with x
′
1, x
′
2 either domi-
nant or subdominant. Further, there are at least h3 − 6 conjugates x′3 of x3 which
are neither dominant, subdominant, nor subsubdominant. Each of these conju-
gates x′3 must occur at least once as the third coordinate of a conjugate (x
′
1, x
′
2, x
′
3)
of (x1, x2, x3). Thus, provided h3 − 6 > 6, there must be at least one conjugate
(x′1, x
′
2, x
′
3) for which x
′
1, x
′
2 are neither dominant nor subdominant and x
′
3 is neither
dominant, subdominant, nor subsubdominant. So assume h3 > 12 (equivalently
h > 24) and let (x′1, x
′
2, x
′
3) be such a good conjugate. Then we have the bound
|q| ≤ (epi∆1/2/3 + 2079)(epi∆1/2/3 + 2079)(epi∆1/2/4 + 2079).
This is incompatible with the lower bound for |q| when |∆| > 30339, and hence
we must have that every |∆i| ≤ 30339. If h ≤ 24, then we have for every i that
|∆i| ≤ 111763. This completes the proof in this case.
3.3. The case h1 = 2h2 = 2h3. Since h1 6= h2, h3, one has that ∆1 6= ∆2,∆3.
Therefore, Q(x3) = Q(x1x2) = Q(x1, x2). The last equality holds by Lemma 2.3
since ∆1 6= ∆2. Thus Q(x1) ⊂ Q(x3) and so h1 = [Q(x1) : Q] ≤ [Q(x3) : Q] = h3.
This though is a contradiction as h3 < h1 by assumption, and so we may eliminate
this case. This completes the proof of Theorem 1.1. 
Remark 3.1. Our method does not generalise to n-tuples of singular moduli with
rational product, for n ≥ 4. When n = 3, the field Q(xi) is equal to the field
Q(xjxk). Faye and Riffaut’s result [FR18] controls the degree of Q(xjxk), and so
also the degree of xi. In particular, we are thus able to reduce the possibilities for
the degrees of x1, x2, x3 to the three cases in the proof of Theorem 1.1. Once n ≥ 4,
we cannot do this, and so our method does not extend to higher dimensions.
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